We show how to calculate the amplitude for quantum spin tunneling with a z easy axis. In this case, using the usual spherical polar angles to parametrize spin coherent states, typically the tunnelling variable is the polar angle θ, passing from 0 to π, while the azimuthal angle φ is imaginary and constant. As the energy is constant along the tunnelling trajectory and normalized to vanish, and the Wess-Zumino term SW Z = is dτφ(1 − cos θ) also seems to vanish, it is difficult to see how we can obtain a non-zero contribution to the tunnelling amplitude. Indeed, the instanton trajectory gives zero contribution. We show how, the entire contribution to the tunnelling amplitude in fact comes from moving φ from zero to its complex value at the beginning of the tunnelling trajectory at θ = 0 and moving it back to zero at the end at θ = π. The Wess-Zumino term can also be expressed in a coordinate system independent manner as SW Z = is dτ dξ [n · (∂τn × ∂ ξn )], a format that does not appear to be well known or understood in the condensed matter literature. We show in detail how this expression corresponds exactly to the more familiar, coordinate system dependent expression, and how to obtain the tunnelling amplitude directly from it.
I. INTRODUCTION
It appears that many authors have systematically avoided the analysis of ferromagnetic (antiferromagnetic) spin models with an easy-axis chosen to align along the z axis. However the formulation of physical spin systems with an easy-axis is the simplest when the axis is taken along the z-direction. For such systems which admit tunnelling, the corresponding coordinate in spin coherent state path integral is θ, the instanton is in this variable, while φ is always, necessarily, complex and is often just a constant. Since the energy is necessarily also constant and then can be normalized to vanish along the instanton trajectory, the action for the instanton is determined entirely by the Wess-Zumino (WZ) 1 term S W Z = is dτφ(1 − cos θ). Then, it is hard to conceive of how the instanton can give a non-vanishing result for the tunnelling amplitude when φ is a constant. This affords an explanation of why a z easy axis coordinate system seems to be systematically avoided, one does not know how to do the calculation. Aligning the coordinate system so that one has a x or y easy-axis model, the instanton trajectory is in φ which then is real and θ is necessarily complex and often constant. The tunnelling amplitude comes from the calculation of the first term of the WZ term which then is real. Furthermore it is obvious in this case, that the total derivative term remains imaginary and therefore generates any quantum phase interference, (such as, for example, the suppression of energy splitting for half-odd integer spin demonstrated by D. Loss, D. P. Di Vincenzo, G. Grinstein, 2 and by J. von Delft, C. Henley, 3 ). This circumstance, when a physical result is obtained on the basis of a total derivative term in the action, leaves one with an uneasy feeling as a total derivative term does not affect the equations of motion and could presumably be thrown away. For the choice of coordinates with a z easy-axis, the WZ action is either real (as φ is imaginary) or zero (asφ = 0), so it is not obvious where the quantum phase interference comes from. In principle the choice of the coordinate system is made to simplify a problem, however, the physical amplitude must not depend on this choice. Here we show, by studying a specific model, that in order to recover the quantum interference when the easy axis is aligned with the z axis, φ must be translated from φ = 0 to φ = φ R + iφ I at first, before the instanton can mediate θ : 0 → π, and then φ = φ R + iφ I must be translated back to φ = 0 after the instanton has occurred. The contribution from the total derivative term in the WZ action for this round trip is exactly zero, but from thė φ cos θ we obtain the quantum interference. We recover the results found in the references cited above. We end with an exposition of the totally coordinate independent formulation. We are able to solve the equations of motion for the instanton path, and recover the quantum phase interference by evaluating the Wess-Zumino term explictly.
In recent years single ferromagnetic spin systems have become a subject of interest due to the fact that they exhibit first-or second-order phase transition between quantum and classical regimes for the escape rate 4-8 . They also allow the possibility of studying macroscopic quantum coherence (MQC) and macroscopic quantum tunnelling (MQT) [9] [10] [11] . The term "macroscopic" means that the system involves very large spin, therefore it can be described using a semi-classical approach. Both MQC and MQT usually involve two states separated by a barrier. In MQC, tunnelling between neighbouring degenerate vacua is dominated by the instanton configuration with nonzero topological charge leading to an energy level splitting. Hence, the degeneracy is lifted, and the true ground state is then the coherent superposition of the two degenerate vacua. In MQT, however, tunnelling is dominated by the bounce configuration 12 with zero topological charge leading to the decay of the metastable states. The quantum tunnelling effect in spin systems occur both in ferromagnetic and anti-ferromagnetic spin system [12] [13] [14] [15] [16] . In ferromagnetic systems, the macroscopic variables satisfy the well known Landau-Lifshitz differential equation.
The tunnelling rate (energy splitting) is often calculated semi-classically using the instanton method. This method has been studied extensively in one dimension using the imaginary time path integral 17 . For spin systems, however, the imaginary time path integral (the spin coherent-state path integral) contains an additional phase that contributes to the transition amplitude. The phase appears because the overlap of two different coherent states is not unity. The Euclidean (imaginary time) action from this method contains two terms, one term is the spin (magnetic) energy which is real. This term is responsible for the energy barrier between two states, and the other term (the Wess-Zumino or Berry phase term) is imaginary, first-order in time derivative, and contains a topological (total derivative) term. For a single spin model, the action is usually parametrized by two coordinates θ and φ. Since the action is complex, one of these variables has to be complex for the equation of motion to be consistent. It was shown in a specific model 2 , that when the real tunnelling coordinate is φ (θ is complex), the topological term (which is imaginary) causes destructive interference leading to the vanishing of tunnelling splitting when the total spin of a ferromagnet 2, 3 (or the excess spin of an antiferromagnet 2, 16, 18 ) is a halfodd integer. For systems with z-easy-axis 19, 20 , the real tunnelling coordinate is θ, and φ is complex, and to obtain the quantum phase interference for half-odd integer spin is a bit subtle as in this case the topological term is real or zero. In this report, we show by a unique and elegant approach that the well known result, suppression of tunnelling for half-odd integer spin, can be recovered for the z-easy-axis models.
II. MODEL AND METHOD
We will study the simple, single ferromagnetic spin Hamiltonian
using spin coherent state path integral. The above Hamiltonian possesses an easy-axis in the z-direction and hard-axis along the y-direction, so we expect the real tunnelling variable to be θ which parametrizes the rotation in z-axis. The Hamiltonian has been studied in a magnetic field by many authors 9, 13 . However, the quantum phase interference for this model has not been reported in any literature, we believe, due the subtlety involved in computing the action for the instanton.
The Hamiltonian studied by M Enz and R Schilling
possesses an easy x-axis and a hard-axis along the z-axis. This model in the conventional spherical parametrization S = (sin θ cos φ, sin θ sin φ, cos θ) is exactly our Hamiltonian Eq.(2.1) in the unconventional spherical parametrization S = (sin θ sin φ, cos θ, sin θ cos φ). In order to demonstrate our technique for investigating the quantum phase interference in z easy-axis model, we will stick to the conventional spherical parametrization. It was shown 21 that perturbation theory in the K y term for integer spin leads to an energy splitting proportional to (K y ) s while for half-odd integer spin, the splitting vanishes in accordance with Kramers' theorem. We will recover this result using spin coherent state path integral.
The transition amplitude in spin coherent state path integral is given by
where the Euclidean action is
and the classical anisotropy energy Eq.(2.1) is
The classical degenerate ground states correspond to φ = 0, θ = 0, π, that is the spin is pointing in the north or south pole of the two-sphere. The classical equations of motion obtain by varying the action with respect to θ and φ respectively are
It is evident from these two equations, because of the explicit i, that one variable has to be imaginary in order for the equations to be consistent. The only appropriate choice is to take real θ and imaginary φ, since the real tunnelling coordinate (z-easy-axis) is θ. This comes out naturally from the conservation of energy, which follows by multiplying Eqn. (2.7) withφ and Eqn. (2.6) byθ and subtracting the two:
Thus,
Since sin 2 θ = 0, it follows that,
Therefore φ is imaginary and constant. Let φ = φ R +iφ I , then sin φ = sin φ R cosh φ I + i cos φ R sinh φ I . We must take φ R = nπ as the RHS of (2.10) is imaginary. Hence The solution is easily found as
where ω = Ky s sinh 2φ I . This corresponds to the tunnelling of the state |↑ from θ (τ ) = 0 at τ = −∞ to the state |↓ , θ (τ ) = π at τ = ∞. The two solutions φ = iφ I and φ = π + iφ I in the upper half plane correspond to the instanton, (θ > 0) while the solutions φ = −iφ I and φ = π − iφ I in the lower half plane correspond to the anti-instanton, (θ < 0).
Since the energy, E(θ, φ) in the action Eqn. (2.4) always remains zero along this trajectory the action for this path is determined only by the Wess-Zumino term which is given by
We reiterate, if we had the real instanton trajectory in φ, as would be the case for x or y easy-axis, which interpolates between φ (τ ) = 0 at τ = −∞ and φ (τ ) = π at τ = ∞, it is obvious that the total derivative term is imaginary then one can easily derive the quantum phase interference effect for which half-odd integer is suppressed 2, 3 . In the present analysis the instanton is not in φ but in θ, so care must be taken when computing the action. Naively, one can use the fact that φ is constant and henceφ = 0 which gives S W Z = 0.
This fails to give a non-vanishing action. The problem can be rescued by using the technique that we recently employed 23 . A non-vanishing action can only be obtained by taking into account that φ must be translated from φ = 0 to φ = nπ + iφ I before the instanton can occur and then back to φ = 0 after the instanton has occurred. In the present problem, we have two solutions for φ, i.e φ = iφ I and φ = π + iφ I corresponding to two instanton paths, call them I and II. The full action is then
where it is clear that the total derivative term contributes nothing as the two contributions cancel in the round trip, while the dφ cos θ gives all the answer, since cos θ = 1 before the instanton has occurred, while cos θ = −1 after. The amplitude for the transition from θ = 0 to θ = π can be calculated by summing over a sequence of one instanton followed by an anti-instanton with an odd total number of instantons and anti-instantons 17 , but we must add the two exponentials of the actions S I E and S
II E
for both instanton and anti-instanton, we get that the expression for the amplitude is given by π|e −βĤ |0 = sinh 2κβ(1 + cos(2πs))e −2sφI (2.17) where κ is the ratio of the square root of the determinant of the operator governing the second order fluctuations, without the zero mode. The energy splitting can be read off from this expression
(2.18)
For half-odd integer spin the splitting vanishes while for integer spin we have
which agrees with the result found by perturbation theory 21 .
III. COORDINATE INDEPENDENT FORMALISM
In the coordinate independent formalism, the spin is represented by a unit vectorn(τ ) but no parametrization of the unit vector is assumed. Then the action for the Hamiltonian in Eqn.(2.1) can be written as
The first term is the anisotropy energy while the second term is the Wess-Zumino term written in the its native, coordinate independent form. The Wess-Zumino term is integrated over a two manifold whose boundary is physical, Euclidean time τ . Thus the configuration in τ is extended into a second dimension with coordinate ξ. The equations of motion arise from variation with respect tô n. However,n is a unit vector, hence its variation is not arbitrary, indeed,n · δn = 0. Thus to obtain the equations of motion, we varyn as if it is not constrained, but then we must project onto the transverse part of the variation:
2) Taking the cross product of the resulting equation one more time withn does no harm, and this process yields the equations of motion is∂ τn − 2K z (n ·ẑ)(n ×ẑ) + 2K y (n ·ŷ)(n ×ŷ) = 0 (3.3)
Taking the cross product of the equation with ∂ τn , the first term vanishes as the vectors are parallel yielding
(3.4) Simplifying the triple vector product and using ∂ τn ·n = 0, and taking the scalar product of the subsequent equation withn gives
which is the conservation of energy. From this equation and thatn is a unit vector we find
where the ± signs are not correlated. Then
hence we recover the result immediately that φ is an complex constant, just as before. φ is of course just the usual azimuthal angle of the spherical polar coordinate system. Taking the scalar product of Eqn. (3.3) yields is∂ τ (n ·ẑ) + 2K y (n ·ŷ)(n ·x) = 0 (3.8)
and replacing from Eqn. (3.6) gives
Notice that the i's neatly cancel leaving a trivial, real differential equation forn ·ẑ, which we can write as
This integrates as
Exponentiating and solving forn ·ẑ giveŝ
which is exactly the same as the solution found for θ in Eqn. (2.13). The instanton (upper sign ) interpolates from n z = 1 to n z = −1 as τ → ±∞.
Thus it is important to know that the equations of motion can be solved without recourse to a specific choice for the coordinates. We will now evaluate the tunnelling amplitude and the quantum interference directly in terms of the coordinate independent variables. Since the energy remains constant along the instanton trajectory, the action is determined entirely from the WZ term
The integration over ξ can be done explicitly by writing the unit vector aŝ
with the boundary conditionsn (τ, ξ = 0) =n(τ ) and n (τ, ξ = 1) =ẑ. Using the expression in Eq.(3.14) and the condition thatn ·n = 1 one obtains
These functions obey the boundary conditions
The integrand of Eq.(3.13) can now be written in terms of the functions defined in Eq. (3.14) . After a long calculation we obtain
where f ′ ≡ ∂ ξ f ,ṅ x,y ≡ ∂ τ n x,y . The second equality follows from Eq.(3.15). Replacing Eq.(3.17) into the WZ term, the ξ integration in Eqn. (3.13) can be done explicitly which yields
This expression defines the WZ term in the coordinate independent form as a function of time alone. We can always make recourse to any specific coordinates, taking the z easy-axis system, with the spherical parameterization one recovers the usual form of the WZ term use in condensed matter physics i.e Eq. (2.14). Multiplying the top and the bottom of the integrand in Eq.(3.18) by (1 − n z ), the resulting integrand simplifies to
This shows how to obtain the usual spherical polar coordinate system dependent expression for the WZ term from the coordinate independent one. It is noted from Eq.(3.7) that φ has to be imaginary. In order to recover the quantum phase interference in the coordinate independent formalism, φ must to translated from the initial point say φ = 0 to the final point φ = nπ+iφ I , n = 0, 1 before and after the instanton occurs which are the exact expressions as before. Then the previous evaluation quantum interference goes through unchanged.
IV. CONCLUSION
We have investigated a biaxial ferromagnetic spin model with z-easy axis as an exemplary system where tunnelling occurs along the z axis. For this model, we found that the real instanton trajectory is in θ while φ is imaginary. Since the action for the trajectory is completely determined by the Wess-Zumino term, which in the present problem is either real or zero, it is not clear where the suppression of tunneling for half-odd integer spin comes from. We showed that for this model there are four complex solutions for φ of which two correspond to an instanton and the other two correspond to an anti-instanton, therefore there are two instanton and anti-instanton paths. The quantum phase interference is obtained by translating φ from zero to these complex solutions and then back to zero, the exponentials of the two actions add and give rise to a factor of (1 + cos(2πs)) in the energy splitting, which obviously vanishes for halfodd integer. We also explicitly solved for the instanton and its corresponding action in the coordinate independent formalism showing how the result is completely independent of the coordinate system. The quantum phase interference was recovered exactly as before.
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